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We present a spinning hairy black hole in gravity minimally coupled to a self-interacting real scalar
field in three spacetime dimensions. The black hole is characterized by having a single horizon which
encloses a curvature singularity and the scalar field is regular everywhere. The mass and angular
momentum are shown to be finite. The presence of a scalar field with a slower fall-off at infinity leads
an anti-de Sitter asymptotic behavior which differs from the one found by Brown and Henneaux,
but has the same symmetry group as in pure gravity. A scalar soliton, which is a finite mass regular
solution devoid of integration constants, plays the role of the ground state. The existence of this
soliton is the key to derive the semiclassical entropy of the rotating hairy black hole using the
counting of microscopic states provided by the Cardy formula.
I. INTRODUCTION
Three-dimensional gravity has been widely considered
as a useful laboratory for the understanding of gravita-
tion in four and higher dimensions. One of the most
important examples is given by the Ban˜ados, Teitelboim
and Zanelli (BTZ) black hole [1], which illustrates sev-
eral features of higher dimensional black holes and it has
been shown to be relevant in different contexts, like the
AdS/CFT correspondence, among many others. Con-
cerning the holographic principle approach, a strong ev-
idence was posed earlier by Brown and Henneaux in
the case of gravity with negative cosmological constant
in three dimensions [2]. They shown that the asymp-
totic conditions of three-dimensional anti-de Sitter spaces
(AdS) are left invariant under the conformal group in two
dimensions. This means, using the AdS/CFT correspon-
dence, that this conformal field theory, defined on a cylin-
der at spatial infinity, should correspond to the quantum
AdS gravity in three dimensions. A direct application of
the correspondence is the microscopical computation of
the semiclassical black hole entropy by means of Cardy
formula, as was done by Strominger [3] for the BTZ black
hole. Relevant discussions and further approaches in this
subject have been provided by Carlip in [4]. Recently,
several attempts had been performed in order to compute
the black hole entropy using a field theory at the bound-
ary in different three-dimensional theories. For instance,
gravity with scalar fields [5, 6], new massive gravity [7]
with AdS [8, 9] and Lifshitz [10] asymptotics, higher spin
theories [11], gravity with asymptotically flat cosmolog-
ical solutions [12, 13] and topologically massive gravity
[14].
The entropy of static hairy scalar black holes has been
computed, by means of Cardy formula, in the case of
potentials defined by one [5, 15] and two coupling con-
stants [6]. The essential point to achieve that relies on
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the suitable choice of the corresponding ground state,
which turns out to be a scalar soliton instead of AdS
spacetime. In fact, AdS spacetime works properly as a
ground state only for the pure gravity sector. Therefore,
it was necessary to find the proper gravitational dual of
the ground state, being the mass of this configuration the
lowest eigenvalue of the zero-mode Virasoro operator.
In this article we provide a new class of spinning hairy
black holes and show that a scalar soliton is again es-
sential in order to reproduce its semiclassical entropy by
using the asymptotic growth of the number of states. Ro-
tating scalar hairy black holes coupled to different classes
of gravity theories in three dimensions have been found
in the past [16–18]. Here, we focus our attention in a par-
ticular class of spinning hairy black holes, which can be
built from a static hairy black hole by means a Lorentz
boost in the plane t − ϕ. The black hole solution is an
asymptotically AdS spacetime, in a relaxed form in com-
parison with Brown-Henneaux (BH) conditions, and has
a single horizon, which encloses a singularity located at
the origin. The scalar field is regular everywhere, endow-
ing the black hole with a scalar hair.
In the next section the rotating hairy black hole and
the analysis of its geometrical features are presented.
Section III is devoted to compute the mass and angu-
lar momentum using the Regge-Teiltelboim approach,
and also contains the discussion of the thermodynami-
cal properties. In section IV we obtain the hairy black
hole entropy by means of Cardy formula. Finally, some
concluding remarks are given in the last section.
II. ROTATING HAIRY SCALAR BLACK HOLE
IN THREE DIMENSIONS
We focus our attention in Einstein gravity minimally
coupled to a single real scalar field, with a self-interaction
potential, in three spacetime dimensions. The system is
described by the action
I[gµν , φ] =
1
piG
∫
d3x
√−g
[
R
16
− 1
2
(∇φ)2 − V (φ)
]
, (1)
2where the self-interaction potential is given by
V (φ) = − 1
8l2
cosh6 φ. (2)
The physical properties of this potential and the role of
the parameter l can seen as follows. For a small scalar
field, φ << 1, the potential behaves as
V (φ) = − 1
8l2
− 3
8l2
φ2 − 1
2l2
φ4 +O(φ6), (3)
indicating the presence of a negative cosmological con-
stant −1/l2 and also of a negative mass term −3/(4l2)
which, however, satisfies the Breitenlohner-Freedman
bound in three dimensions. It has been shown [5, 6, 15]
that a potential behaving as (3) induces a slower fall-off
on the scalar field, and consequently on the metric, in the
asymptotic region. Hence, nonlinear terms contribute to
the mass and angular momentum.
The field equations admit the following solution
ds2 = −N2(r)dt2 + dr
2
F (r)
+R2(r) (dϕ+Nϕ(r)dt)
2
, (4)
where
N2(r) =
(r −B)(r +B)4(1− ω2)
l2((r +B)3 − ω2(r + 2B)2(r −B)) , (5)
F (r) =
(r + 2B)4(r −B)
l2(r +B)3
, (6)
R2(r) =
(r +B)4 − ω2(r + 2B)2(r2 −B2)
(1 − ω2)(r + 2B)2 , (7)
Nϕ(r) =
ωB2(3r + 5B)
l((r +B)3 − ω2(r + 2B)2(r −B)) , (8)
and the scalar field is given by
φ(r) = arctanh
√
B
r + 2B
. (9)
The solution contains two integration constants, B and
ω, and the coordinates range as −∞ < t <∞, −B < r <
∞, and 0 ≤ ϕ < 2pi. The constant B must be positive in
order to have a real scalar field in the asymptotic region,
i.e. for a large r. The meaning of ω will be clarified
below.
The Ricci scalar
Rµµ = −
2(r + 2B)3
(
4B2 + 5Br + 3r2
)
l2(r +B)5
(10)
reveals that there is a single curvature singularity located
at r = −B (at r → ∞ approaches to −6/l2) and there-
fore the radial coordinate starts from there, r > −B.
The same curvature singularity appears in the invariants
RµνR
µν and RµνλρR
µνλρ.
As is very well known, it is a big challenge to solve the
field equations associated to the action (1), even in the
static case which could be considered the simplest one.
However, we have been informed that a general method
can be developed [19]. We adopt here a procedure that
has been proven to be useful for other systems in the past.
In three spacetime dimensions, it is possible to obtain a
stationary and axisymmetric solution by applying a im-
proper gauge transformation to a static solution in the
plane (t, ϕ) [20]. Using this procedure one can get the ro-
tating BTZ black hole, as well as, the electrically charged
version of that [21], from the corresponding static solu-
tions. Other examples include black holes with a dilaton
field [17] and with a conformally coupled scalar field [18]
(see also [22]) .
Thus, if one considers the static hairy black hole of
Ref. [15]
ds2=− (r
2 −B2)
l2
dt˜2+
l2(r +B)3dr2
(r + 2B)4(r −B)+
(r +B)4
(r + 2B)2
dϕ˜2,
which has the same scalar field given in (9), and performs
the following boost
t˜ =
1√
1− ω2 (t+ ωlϕ), ϕ˜ =
1√
1− ω2 (ϕ+ ωt/l), (11)
where the constant ω is restricted to satisfy ω2 < 1, one
directly obtains the rotating hairy solution described by
Eqs. (4)-(9). This transformation becomes the identity
by setting ω = 0.
Taking the advantage that the line element (4) is writ-
ten in the ADM form, it is easy to go to Eddington-
Finkelstein coordinates and show that this solution has
an event horizon located at r+ = B. For this purpose it
is necessary to study the existence of poles in the func-
tions N2(r) and F (r). The lapse N2(r) is a regular func-
tion, free of poles, provided ω2 < 1. In this case, the
lapse is a positive and monotonically increasing function
for r > r+ = B. The function F (r) has no poles for
r > −B. Therefore, ω2 < 1 appears as a necessary condi-
tion, not only for keeping a well-defined boost, but to get
the spinning black hole from the static one. Hence, this
stationary and axisymmetric solution corresponds to a
hairy rotating black hole, where an event horizon defined
at r = B encloses the singularity at the origin r = −B.
The scalar field is regular everywhere and remarkably, in
contrast with the rotating BTZ black hole, the solution
has no an inner horizon like. Indeed, the curvature sin-
gularity prevents the existence of a inner horizon for this
rotating black hole.
The asymptotic behavior of the solution (4)-(8) and
(9) is given by
φ =
(
B
r
) 1
2
− 2
3
(
B
r
) 3
2
+O(r−5/2) (12)
gtt = −r
2
l2
+O(1), grr =
l2
r2
− 4Bl
2
r3
+
15B2l2
r4
+O(r−5)
gϕϕ = r
2 +
2 + ω2
1− ω2B
2 +O(r−1)
gtϕ =
3ωB2
l (1− ω2) +O(r
−1) (13)
3and satisfies the asymptotic conditions of Ref. [15]. Note
that this asymptotic behavior is relaxed in comparison
with the BH conditions.
III. MASS, ANGULAR MOMENTUM AND
THERMODYNAMICS
The relaxed asymptotic conditions of Ref. [15] turns
out to be left invariant under the conformal group in
two dimensions which is spanned by two copies of the
Virasoro algebra. As a consequence, the scalar field con-
tributes to the generators of the asymptotic symmetries,
which can be found using the Regge-Teitelboim approach
[23]. In fact, by using Eq. (22) of Ref. [15] (see also [5]
and [24]) the mass M and the angular momentum J of
the hairy black hole described by Eqs. (4)-(9) are found
to be
M =
3B2(1 + ω2)
8Gl2(1− ω2) , J =
3B2ω
4Gl(1− ω2) , (14)
which depend on the integration constants B and ω. The
reference background, defined by setting B = ω = 0, cor-
responds to the massless BTZ black hole. As is expected,
for ω = 0 the angular momentum vanishes and the mass
coincides with the one corresponding to the static case.
The mass is non-negative (ω2 < 1) and the angular mo-
mentum has the same sign as ω. Moreover, M > |J/l|.
Is straightforward to write the integration constants B
and ω in terms of the mass and angular momentum. In
this way, the rotating hairy black hole solution is written
just in terms of M and J . In particular, it is interesting
to observe that the horizon area A = 2piR+, where R+ is
given by
R2+ =
64Gl2
27
(
M +
√
M2 − J
2
l2
)
, (15)
has the same form (up to a numerical factor) as in the
case of the rotating BTZ black hole. One can observe
that in the limit M = |J/l| the scalar field vanishes and
the metric becomes that of the extreme BTZ black hole
(see Ref. [21] for further discussion about this limit).
The temperature of the rotating hairy black hole can
be obtained by means of the surface gravity κ2 =
− 1
2
(∇aχb)(∇aχb), where the Killing vector χa equals
(1, 0,−Ω) and Ω ≡ dϕ/dt = ω/l is the angular veloc-
ity at the horizon. Then, the temperature κ/(2pi) reads
T =
3
√
3GM
2pil
√√√√(M2l2
J2
− 1
)(
1−
√
1− J
2
M2l2
)
. (16)
The Bekenstein-Hawking entropy is defined in terms of
the horizon area
S =
A
4G
= pi
√
8l (Ml + J)
27G
+ pi
√
8l (Ml− J)
27G
. (17)
It is easy to verify that the first law of black hole ther-
modynamics,
dM = TdS +Ω dJ , (18)
holds.
The heat capacity at constant angular velocity CΩ ≡
T
(
∂S
∂T
)
Ω
is
CΩ =
16pi2l2T
27G
√
1− l2Ω2 . (19)
We note that CΩ is positive, and therefore the rotating
hairy black hole is thermodynamically stable.
IV. SCALAR SOLITON AND THE
BLACK-HOLE MICROSCOPIC ENTROPY
In this section we will show that, by considering a
scalar soliton as the ground state for the case with non-
vanishing angular momentum, it is possible to success-
fully reproduce the hairy black hole entropy by using the
counting of microscopical states approach. Since we are
using the same potential as that in Ref. [5], we con-
sequently choose the soliton found in this reference as
the proper ground state of the rotating hairy black hole.
Before explain how this mechanism works, let us briefly
review the properties of this scalar soliton. Its metric is
given by
ds2sol = −
(4l+ 9r)4
81l2(8l + 9r)2
dt2 +
81l2(4l + 9r)3
(9r − 4l)(8l+ 9r)4 dr
2
+
(
r2 − 16
81
l2
)
dϕ2 , (20)
and the scalar field is
φ(r)sol = arctanh
√
4l
8l+ 9r
. (21)
The coordinates range as r ≥ 4l
9
, −∞ < t <∞, 0 < ϕ ≤
2pi. The soliton has no curvature singularities and it is
devoid of integration constants. Indeed, its Ricci scalar
reads
Rµµ = −
2(8l+ 9r)3(243r2 + 180lr + 64l2)
l2(4l + 9r)5
, (22)
and since the invariantsRµνR
µν and RµνλρR
µνλρ are reg-
ular, it is possible to conclude that the soliton is smooth
and regular everywhere. Additionally, expanding the
metric around the origin r = 4l
9
, followed by the change
of the radial coordinate ρ2 = 8l
9
(
r − 4l
9
)
and with a ade-
quate time rescaling, we get
ds2sol ≈ −dt+ dρ2 + ρ2dϕ2 (23)
around ρ = 0, which is the Minkowski spacetime. Thus,
we have checked that the soliton has no conical defects.
4The scalar field (21) and metric (20) of the soliton fit
in the same set of relaxed asymptotically AdS conditions
of Refs. [5] and [15]. This fact allows to compute the
soliton charges in the same manner as for the rotating
hairy black hole, yielding
Msol = − 2
27G
, (24)
and a vanishing angular momentum, i.e. the soliton is
static.
We are dealing with solutions whose asymptotic behav-
ior belongs to a class having the same asymptotic symme-
try group as pure three-dimensional AdS gravity. In the
light of the holographic principle, it is possible to estab-
lish a map between the gravity sector and quantum states
of a conformal field theory, generated by the Virasoro op-
erators. In a generic case of a two dimensional conformal
field theory in a cylinder, the two copies of the zero-mode
Virasoro operators are shifted as L˜±0 = L
±
0 − c
±
24
, where
c± correspond to the central charges. We denote ∆˜± the
eigenvalues of L˜±0 , meanwhile the lowest ones are given
by
∆˜±0 = ∆
±
0 −
c±
24
. (25)
The entropy coming from the counting of the asymptotic
growth of the number of states, so called Cardy formula,
can be written as [5]
S = 4pi
√
−∆˜+0 ∆˜+ + 4pi
√
−∆˜−0 ∆˜− . (26)
The above expression can be derived directly from Refs.
[25] and remarkably does not depend explicitly in the
central charges. The formula (26) has been shown to
be successful in reproducing the Bekenstein-Hawking en-
tropy for a wide class of non-rotating hairy black holes
[5, 6]. The key point in this mechanism was the assump-
tion that a scalar soliton corresponds to the ground state.
The connection between gravity and the conformal
field theory can be performed associating the mass and
the angular momentum with the eigenvalues of the Vira-
soro operators as follows,
M =
1
l
(∆˜+ + ∆˜−), J = ∆˜+ − ∆˜− , (27)
or conversely ∆˜± = 1
2
(Ml ± J). Let us assume that the
ground state is non-degenerated and denote its mass as
M0 (naturally, it has no angular momentum). Thus, the
lowest eigenvalues are ∆˜±0 = lM0/2 and we can rewrite
(26) as follows
S = 2pi
√
−lM0 (Ml+ J) + 2pi
√
−lM0 (Ml − J). (28)
The energy spectrum of the class of rotating hairy
black hole has a continuum sector starting from the zero
mass and zero angular momentum solution which coin-
cides with the corresponding in pure gravity (the massless
BTZ black hole). Below, separated by a gap, there exist
a non-degenerate solution which is the scalar soliton de-
scribed by Eqs. (20) and (21). Taking this into account
we can evaluate (28) considering that the ground state is
the scalar soliton where M0 =Msol = − 227G , yielding
S = pi
√
8l (Ml + J)
27G
+ pi
√
8l (Ml− J)
27G
. (29)
This exactly matches with the Bekenstein-Hawking en-
tropy given in Eq. (17).
Following the appendix C in Ref. [5], one can easily
derive the entropy in the grand canonical ensamble
S = −8pi
2l2MsolT√
1− l2Ω2 =
16pi2l2T
27G
√
1− l2Ω2 , (30)
which matches with (17) once T is expressed in terms of
M and J by using Eq. (16).
Some comments are in order. We note that the solu-
tions of the action (1) with the scalar field turned on,
cannot smoothly deform into vacuum solutions keeping
fixed the mass and the angular momentum. This implies
that both hairy and vacuum solutions belong to differ-
ent and disconnected sectors which have different ground
states. The counterpart of the soliton, as the ground
state in the hairy sector, is the AdS spacetime in the
vacuum sector. In this case, ∆˜±0 = lMAdS/2 = −l/(16G)
giving the well-known result for the vacuum sector [3]
SBTZ = pi
√
l (Ml+ J)
2G
+ pi
√
l (Ml − J)
2G
. (31)
V. CONCLUDING REMARKS
We have determined the entropy of a new rotating
hairy black hole using the Cardy formula. The crucial
point relies on the identification of a scalar soliton as the
ground state of theory. We have assume that there exist
an unique soliton for each self-interaction potential, and
that its mass is associated with the lowest eigenvalues of
the zero-mode Virasoro operator L˜±0 .
Improper gauge transformations in the plane t−ϕ allow
to obtain rotating solutions from static ones. Using this
idea we have construct a spinning black hole where the
improper change of coordinates corresponds to a Lorentz
transformation. The rotating black hole studied here has
a single horizon and is unable to become extreme keeping
the scalar turned on. Nevertheless, one could consider
different improper gauge transformations in such a way
that they could produce rotating hairy black holes with
a additional (inner) horizon, like the rotating BTZ black
hole.
Static scalar hairy black holes in three dimensions have
been found considering self-interaction potentials with
one [5, 15] and two coupling constants [6]. It is interesting
to explore the existence of rotating black holes following
the procedure explained above taking into account these
5static black holes. Moreover, each such a potential has
associated his own scalar soliton. Thus, one could test
Cardy formula in the case of more generic rotating hairy
black holes. However, we think that the example pre-
sented here, which is the simplest one, reveals the main
aspects of this problem.
The derivation of the entropy by the Cardy formula in
this paper takes advantage of the asymptotic symmetries
and also the holographic principle. On other hand, al-
though we know what states Cardy formula counts in the
conformal field theory, this picture does not shed enough
light about the specific degrees of freedom in the gravity
side. Thus, the problem is opened to further investiga-
tions and alternative approaches.
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